Abstract-Inter-individual variability is one of the major challenge in closed-loop control of anaesthesia. This variability could lead to stability problem and must be taken into account during the evaluation of controller. While studies have suggested that variability in nonlinear pharmacodynamics (PD) model is much higher than the linear pharmacokinetic (PK) model, most of the robust stability analyses have only considered uncertainty that exists linearly. In this study, robust stability analysis of a closedloop anaesthesia control system on uncertainty in nonlinearity was performed. The closed-loop control system consists of a PKPD model and a PID controller that was treated as a Lur'e problem. Circle criterion was applied to determine the bound of nonlinearity that guarantees asymptotic stability of the system. Result shows that the stability bound of the controller is sufficiently large for the possible inter-variability in nonlinearity among patients.
I. INTRODUCTION
Closed-loop control of anaesthesia may offer a number of advantages to drug administration. It can improve patient's safety by avoiding drug overdose and intraoperative awareness, and perform consistently. Also, an optimised feedback controller can lower the healthcare cost by reducing the usage of anaesthetic drugs and shorten the recovery time [1] . However, one major challenge in closed-loop control of anaesthesia is that the control system must be safe and reliable even in the face of system uncertainty [2] . A major source of uncertainty is the large inter-individual variability among patients; some patient has a higher tolerance to drug effects (insensitive) while some are more sensitive to drug effects.
This inter-individual variability could result in instability of control system. Absalom et al. [3] have reported that the same proportional-integral-derivative (PID) controller has shown to provide adequate anaesthesia to some patients but cause oscillation in others. Hence, it is important to consider the stability margin of a controller against patient variability.
Typically, the drug delivery in human bodies is described by a combination of two models: a linear time invariant (LTI) pharmacokinetic (PK) model and a static nonlinear pharmacodynamic (PD) model. The PK model explains the relation between drug dosage to drug concentration in blood plasma while the PD model relates the drug concentration in the blood plasma to its resulting effect.
While studies have suggested that variability in PD model (300 -400%) is much higher than variability in PK model (60-80%) [4, 5] , most of the robust stability analysis of controller in anaesthesia system were based on the linearity assumption. For example, Nyquist stability condition were applied in [6, 7] while loop-gain frequency response were studied in [8] . Both of these methods are linear analysis tools and are justified only if the signals or variables of the system vary in a relatively small range. In other words, they could not provide a complete picture of the stability of a nonlinear system.
In this study, robust stability analysis of a PID controller was performed by considering variability in the nonlinearity of PD model. It was shown that PKPD model, together with the PID controller, can be formed to a Lur'e problem. Then, the sector of nonlinearity that guarantees absolute stability of the system was identified using the circle criterion approach. This paper is organized as follows. Section II describes the methods used for stability analysis. Section III presents the result and discussion. Finally, Section IV concludes the study.
II. METHODOLOGY

A. Pharmacokinetic and pharmacodynamic (PKPD) model
Several clinical studies have been performed to model the drug transportation phenomena of propofol in human bodies [9] [10] [11] . One of the widely used models is the Schnider PK model [10] . It is a three-compartment model that incorporates patient's age, weight, height and genders to estimates the propofol concentration in human bodies. Figure 1 shows a three-compartment mammillary PK model with an additional effect compartment. The central compartment V 1 represents the blood plasma, V 2 represents the rich-vessel group (e.g. muscle) and V 3 represents the poor-vessel group (e.g. fat). The effect compartment V E is an "imaginary" compartment added to compensate the time lag between plasma concentration and the observed effect. k ij is the drug transfer rate from compartment i to j. Let C 1 , C 2 , C 3 and C e denote the propofol concentration in compartment 1, 2, 3 and effect compartment respectively. These concentrations can be expressed in terms of differential equations base on its material balance:
where u is the propofol infusion rate (ml/h), ρ is the drug concentration (for propofol, ρ = 10mg/ml) and α is a normalisation constant (α = 60 min/h).
Consider a male patient of 50 years old with 50 kg weight and 170 cm height. Based on Schnider PK model [9] , the following values of compartment volumes and drug transfer rates are obtained:
The differential equations (1)- (3) can be rewritten in the following form: 
where E 0 is the base line effect in the absence of drug, E max is the maximum effect (drug's efficacy), and C e50 is the concentration that produces 50% of the maximum effect (drug potency). γ determine the steepness of the Hill equation; it can be regarded as the index of the model nonlinearity [1] .
One of the measurable anaesthesia effects E is the Bispectral Index (BIS). It is an empirically derived parameter of the electroenephalography (EEG) signal based on bispectral analysis. The index is represented by a single dimensionless number ranging from 0 (isoelectric state) to 100 (fully awake). The recommended value of BIS during surgical anaesthesia is 40 to 60 [12] .
In this study, we assumed that BIS 0 , BIS max and C e50 are 100, 0 and 2.25 respectively. The model nonlinearity γ is assumed to be unknown. Table 1 presents several estimated mean value of γ from different studies using the Schnider PK model. As can be seen, the identified γ varies greatly among each other. 
B. Lur'e system and the Circle Criterion
Consider a nonlinear system with a forward path that contains a LTI subsystem and a feedback path that contains a static nonlinearity as shown in Figure 2 . This is called a Lur'e γ
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control system [18] , which is an important class of nonlinear system. For this class of nonlinear system, several approaches are available to analyse the system stability. One of the classical methods is the circle criterion [19] [20] . The method closely resembles the Nyquist stability condition. From a geometrical point of view, the "critical point" in the Nyquist plot is expanded to an on-axis "critical disc" D(α, β) in the circle criterion [21- where
In this work, the following PID controller with first order filter was used to close the loop of the PKPD model. It was designed using sisotool in MATLAB based on robust response time tuning method. 
III. RESULT AND DISCUSSION
In this study, the nonlinearity sector (bounded by α and β) that guarantees absolute stability was identified using the circle criterion approach. By referring to Table 1 , the lower bound α was chosen to be -6, which is approximate to the minimum slope of the PD model when γ = 1.
Next, the Nyquist diagram of the LTI subsystem was drawn in the Figure 4 . To determine the β value, a maximum possible disc D(α, β) was drawn with the condition that the Nyquist plot must not enter the disc D(α, β) and does not encircle the disc. As shown in Figure 4 , the disc cut the real axis at points (-0.1667, 0) and (-0.009387, 0). It has a center at (-0.088, 0) and a radius of 0.0786. In other words, the β was found to be -106.53. A comparison of the slopes α, β and PD model with various γ values was shown in Figure 5 . From the figure, we can confirm that the robust stability bound is sufficiently large to satisfy the inter-variability of nonlinearity γ among patients. Finally, figure 6 shows the simulation result of the specified control system with various γ values. As can be seen, all BIS were directed to the set point, but the closer the γ values to the maximum bound β, the more oscillations was observed. This shows that the result can be used as a guideline to design appropriate controllers for patient with different nonlinearity.
Although the uncertainty existed linearly was not analysed in this study, the extension to linear modelling error is rather straight forward; it simply changes the Nyquist plot of the LTI in Figure 4 . Likewise, the same approach can be applied to any other controller to evaluate its robust stability against model uncertainty. 
IV. CONCLUSION
This study systematically defined the bound of uncertainty in nonlinearity that guarantees the absolute stability of a specified control system. Based on the result of circle criterion, it was found that the controller's robust stability bound is sufficiently large to satisfy the inter-variability of nonlinearity γ among patients. The study also confirmed the usefulness of circle criterion in the evaluation and design of robust controller for anaesthesia control system with unknown nonlinearity. 
